Electromagnetic duality seems to be a fundamental principle of nature.Although there exist a lot of work on various aspects of duality, a general derivation from the lagrangian formalism has been elusive except that of Gaillard and Zumino [1] who showed that duality follows from certain transformation properties of a lagrangian. Here, starting from lagrangian field theory and the variational principle, we show that duality can be obtained by introducing explicit spacetime dependence of the lagrangian. As illustrations, we show how one can understand (1) the Dirac string solution and (2) the t'Hooft-Polyakov monopole solution. We also outline a procedure for obtaining new classical solutions of Yang-Mills theory.
One of the most successful formalisms is lagrangian field theory as derived from the variational principle. Most of the successful physical theories where symmetries play the crucial part have their roots in this formalism.In recent times a new fundamental symmetry has attracted much attention,viz., duality. As of now there is no understanding of this symmetry in the usual framework of lagrangian field theory except the works of Gaillard and Zumino [1] and similar approaches in [2] [3] . Our aim is to develop the idea of duality in line with the derivation of other symmetries of nature from the lagrangian formalism.
A field, by definition, is a quantity defined at all spacetime points.The fields in a lagrangian must be defined everywhere. This is usually true.
However, one can have theories e.g. (1)the Dirac theory of monopoles [4] and (2) unified theories of strong,weak and electromagnetic interactions where the electromagnetic field may be defined only in a region of space. It is well known that these theories have monopole solutions and also incorporate duality invariance of the equations of motion. This is inextricably linked to the fact that the fields are not defined everywhere [5] . We shall show that in the lagrangian formalism such situations can be easily understood by introducing explicit spacetime dependence of the lagrangian by means of a function Λ(x ν ) and requiring that Λ(x ν ) be finite at all spacetime points. Then the equations of motion themselves lead to Dirac-string like configurations in the case of classical electrodynamics and t'Hooft-Polyakov monopole solutions [6] in the case of classical Yang-Mills theory. Further, we shall obtain new solutions of classical Yang-Mills theory.
We start from the variational principle where the lagrangian L ′ is a function of not only fields η ρ and their spacetime derivatives η ρ,ν but also of the
The usual variational principle yields [7] :
Assume a separation of variables such that
where Λ(x ν ) is the explicit space time dependent part of the lagrangian.
Then (1) becomes:
The function Λ may be looked upon as a weight factor defined at every spacetime point multiplying the primitive lagrangian function L at that point. Λ(x ν ) does not appear in standard field theories (i.e. where the fields are defined in all regions of spacetime) because it is uniform throughout spacetime and so is a constant and drops out of the equations of motion.
However, we shall show that for theories which permit regions of spacetime where the fields in the usual lagrangian are undefined, the finiteness of Λ will lead to interesting solutions to the equations of motion that are not otherwise evident.Now, if the fields are undefined, then, strictly speaking, the lagrangian formalism should break down. We shall show that duality invariance of the equations of motion is related to the following properties of Λ which ensure the survival of the lagrangian formalism even when fields are not strictly definable in certain regions of spacetime.
(1) Λ is a finite, non-vanishing function at all spacetime points. Duality invariance of the equations of motion are intimately related with the finiteness of this function.
(2)In all standard physical lagrangians the fields are defined every-where and Λ just occurs as an ignorable multiplicative constant to the lagrangian. For electrodynamics L ′ may be written as
with
This corresponds to the transformation E ⇒ B and B ⇒ −E in the field strength F µν . The equations of motion obtained from
while the dualF µν satisfies
Duality invariance means identical equations of motion for F andF ,i.e.
There are two possibilities:
(1)The finiteness of Λ is assumed to be independent of the behaviour of the fields and can be put equal to the constant unity a priori. One then has usual electrodynamics and in the absence of sources duality is present. (6)) by considering some specific forms for j µ .
CASE (a):
We take usual electrodynamics with only electric charge e being present.
where i runs over spatial coordinates. Equation (6) then splits into two sets of equations : one equation for the temporal index and another set of three equations for the spatial indices. As F 3i = 0, the second set gives a solution of Λ as a constant function of x 3 . This solution when put in the first set gives
where E 3 is the electric field along the third direction. As the above is valid for all times, the solution is effectively time independent.
CASE (b): Let
where i runs over spatial coordinates and a is small and always positive.
Again it is found that Λ takes a constant value which then leads to
as one of the possible configurations for the electric field. E 3 is again time independent for reasons already mentioned.
We had stated earlier that ∂ µ F µν = 0 and ∂ µF µν = 0 should be placed on an equal footing. Then the just concluded analysis is also valid for ∂ µF µν = 0. The only differences will be (1) the coupling e (electric charge should be replaced by the coupling m (the magnetic charge) (2) Consider now a simple nonabelian generalisation of (4):
where a, b, c are SO(3) indices and
The analogues of (5a) and (5b) are:
Again duality invariance of the equations (8) imply
If we take Λ = Λ(r), j a i = 0 for all i and a and j a 0 = 0 then one solution is a radial magnetic field B a = H a (r) with H a (r) satisfying D µG a µν = 0 and D µ G a µν = 0.
Now consider the Georgi-Glashow model with L ′ defined as
The gauge group is SO(3), G µν a is as defined before, and the matter fields φ are in the adjoint representation of SO(3).The equations of motion are :
and the Bianchi identities are:
Duality invariance then leads to
For Λ = Λ(r) we have
where Λ p is the value of Λ at r = p. Now Λ ∞ must be finite as per our formalism. Let us choose this to be the constant unity.This may be realised in the following ways :
(1) (2)
Expanding the left hand side we get
Equation (15) is like a master equation for obtaining solutions of classical Yang-Mills theory incorporating duality. When this is satisfied Λ is finite (a constant). The problem reduces to now solving (11b) and (15). Such solutions will be reported elsewhere.
In conclusion, we have shown how duality can be made to follow from the basics of lagrangian field theory. Moreover, there is a possibility of a generalisation of the Bogomolny equations. Enough hints already exist in (14).
The usual Bogomolny equations seem to be the simplest first steps towards realisation of duality.In this work this is partly evident in the fact that the Higgs' vacuum condition has been obtained without specifying V (φ) explicitly. Neither has the principle of spontaneous symmetry breaking invoked nor contradicted. Λ is just required to be finite and this can be achieved in a variety of ways of which only some have been discussed. When Λ is a constant, all the currently known physical lagrangians exhibiting duality become immediately accessible. However, if Λ is not constrained to constancy but only required to be some finite well defined function everywhere, then a whole plethora of new lagrangians incorporating duality can be constructed.The existence and finiteness of Λ is sufficient to ensure the survival of the lagrangian formalism even when fields are not defined in certain regions of spacetime.
